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Problem 1:
Solution:

1- the transformation law for the components of a second order tensor is given by:
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Problem 1:
Solution:

2- The principal invariants of the Cauchy stress tensor can be calculated as follows: law
for the components of a second order tensor is given by:
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Ev substutmting the valnes of a, for those m the proposed problem we obtan:
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Problem 1:
Solution:

¢) The principal stresses (@,) and principal directions (N} ae obtained by solving the
following set of equations:

2—a 1 0 |ln,
1 2—a 0 [|n,|=|0
0 0 2—alln 0

To obtain the nontrivial solntions of N'' we have to solve the characteristic determinant,

which 15 a enbic eguation for the nnknown mapmitmde

|-::i!_. —::i-i"!_.|=tl- = 0 —Iga + ODga— My =0

Howerver, if we look at the format of the Canchy stress tensor components, we can notice
that we already have one solntion as in the x,-directon the tanpennal components are
eqnal to zero, then:
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Problem 1:
Solution:

¢) The principal stresses (@,) and principal directions (N} ae obtained by solving the
following set of equations:

To obtain the other two ewgenvalnes, one only need salve:
a, =1

=(2—-af -1=0 = -| ;
ﬂ-3=
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Then we can express the Canchy stress tensor components in the principal space as:
(1 0 0]
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Problem 1:
Solution:

¢) The poncipal stresses (o,) and principal directions {N'") aze obtained by solving the
following set of equations:

Additionally, the punecipal direction associated with o, =1 is calenlated as follows:
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with 0" = 0 and by nsing the condition N + 0" =1 we obtain:
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ance O 13 A symmetne tensor, the poncipal space 15 formed by an orthogonal basis, so,
15 valid that:
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Problem 1:
Solution:

¢) The principal stresses (@,) and principal directions (N} ae obtained by solving the
following set of equations:

Thns, the second poncipal direction can be obtained by the cross produet between p'”

and n'"_ ie:
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whuch can also be checked by the following analysas:
The Pancipal direction associated with o, = 3:



Problem 1:

Solution: A
2-3 1 0 1n®] (0] ¢ o o
- _n| I‘n-.-ll— - -
1 2-3 0 |[n}?|=|0 ::-{ P = n;" =ny’
o 0 2-3|n®| |of ™ -n =0
With 0% =0 and nsing the condition n'™" +n'"" =1 we obtain-
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As we have seen in Chapter 1, the eigenvectors of a symmetnc tensor form the
transformation matax P, from the onpinal system to the poncipal space, ie
a =DaD . thns:
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Problem 2:

At p-::-int P the Cauchjr stress tensor components are:
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a) the traction vector t related to the plane which 1s normal to the x -asus;
b) the traction vector t associated with the plane whose normal 1s (1,-12);

c) the traction vector t associated with the Plaﬂﬂ Pa,rallﬂl to the P]mle

d) the prncipal stress at the pownt P;
e) the principal directions of @ at the point P.



Problem 2:
Solution:

a)] In thus case, the naoit veetor is (1,0,0). Then, the traction vector is given by
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b] The nmt vector associated with the direction (1-1.2) is:
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Problem 2:
Solution:

e

we obtain:
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Problem 2:
Solution:

e) The ponecipal directions age:
Associated wuth o, =10

—9n, +2n, +3n, =0
2n, —6n, +6n,; =0
! 3n, +6n, -9, =0

Sinularky, we obtain:
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Problem 3:

The stress state at one pc:-j_ut P of the continuous medmm 1s give:n schematicﬁ]l}'r b}?:
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!
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Obtain the value of the component O, of the Caur:h}'-' stress tensor such that there 1s at

28

least one plane passing through P in which is free of stress;
Obtain the direction of the plane.



Problem 3:
Solution:

We seek to find a plane whose direction is N such that £ = 0. We can relate the Canchy
stress tensor to the traction vector by means of the eqnation:

f|ﬁ|=ulﬁ
thns:
™l ro 1 4][n | [0
T e, 1|[n, [=|0
4 1 ofln [0

Resnlting in the followmg system of eqmanons:

n,+4n; =0=n, —%nz

sy + TN +N; =10

4n, +n, =0=n, —%m



Problem 3:

CAliitinn:.

By combmning the abore equations we obtain:
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To determine the direction of the plane we start by the restriction n.n, =1, then:
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Thns, the direction of the normal to the plane, when it meets £ =0-
=11




Problem 4:

If the state of stress at a point in a body is given as follows. Determine
the components of the body force in order to satisfy the equations of
equilibrium.

g, = 20x° + y?; 0, = 30x° +100;; 0, = 10(y* + z°)
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Problem 5:

Ignomnng the curvature of the Earth’s surface, the gravitational tield can be assumed to be
uniform as shown in Figure 3.1, where g 1s the acceleration caused by gravity (the gravity

of the Earth). Find the resultant force acting on the body 1.

0
b.(%.1)=| 0 [%}

Figure 3.1: Gravitational field. &

All bodies immersed in a force field are subjected to the body force b



Problem 5:
solution:

All bodies immersed in a force field are subjected to the body force b

0
b (%.0)=| 0 [ﬂ}

Hence, the total force acting on the body can be evaluated as follows:

0

F = j ob, (%) dV = ‘ 0

— [pgar

We can also verify the F nait: [F]= ﬂ EJl 1| d¥ em_ N{Newton) -
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Problem 6:

Given the tensor components:

A
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a) Obtain the principal invanants of T, ze. obtain I, I, and I ;

b) Obtain the characteristic polynomial associated with T;

c)If A, Ay v A are the eigenvalues of T and A, =10. Obtain A, and A; > 2.



Problem 6:
Solution:

a) The ponerpal mvanants of T are:

I, =Tr(T)=546+4=15
6 3 |5 3| |5 3
4|4 ’ ﬂl_ﬁﬁ

2 1 4| ]

I, =det(T) = 60
b} The charactenstic polynomial can be obtained by solving the determinant:
5—A 3 3
6 —A 3
2 4—3

I, =

=0 = X -NI,+il, -, =0

Pt [l

thms:
=150 +560—60=0



Problem 6:
Solution:

c} In the puncipal space the followmg i3 tme:
A, =10 0 0
T!: = 0 Ay 0
0 0 A= 21
where the poncipal invanants are
I.=Tr(T)=A, +4, +A; =15 > A tAy=5
B, =det(T)=4A,A;, =60 = AA, =6

By combining these two eqnations we obtain:

by =6 | . ,
A e (=AM, s 6= Al —SAL +6=0=
.:'-1 '|';:||_.3 =5: I: 3} . " 3 }._I:L =7

We discard the solntion A5 =2, thus &, =3 Then:
10 0 0

T =lo 20

0 0 3



Problem 6:
Solution:
I =Tr(T)=10+2+3=13
In this space we can check that  F, =2x3 +10x3+10x2 =36
|_ W, =det(T)=10x2x3 = 60



Problem 7:

Find the principal values and directions of the second-order tensor T, where the Cartesian
components of T are:

3 -10
(T), =T, =T =|-1 3
0 0 1



Problem 7:
Solution:

Salurion: We need to find nontrivial solntons for |{T!I. — Aty Jﬁ =0;, which are constrained by
n.n . =1 (mmt vector). As we have seen, the nontrimal solntion requures that:
|7, —28,|=0
Explicitly, the above eqnation is:
T,—-A Tp5 T F—A 1 0
Ty Ta—A Ty |=[-1 3-A 0 |=0
LEY T Tm- d 0 I-a
Developing the above determinant, we can obtain the enbic eqnation:

a-nle-1?-1 =0

A =T+ 140 —8=0

We conld have obtained the characteristic equation directly mn terms of invanants:
L=Tr(T)=T, =T+ T+ Ty =7
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I, =|T" | =€,y Ty T2 Tes =8



Problem 7:
Solution:

Then, the charactenistic eqnation becomes:

W=l + A E, — W, =0 — A =TA +144-8=0

On solmng the enbic eqnation we obtan three real roots, namely:
A=l A,=2, A;=4

We can also venfy that

Iy =h thsths=1+2+4=7 ¢

Dy =hphy +hohy +hshy =1x2+2x4+4x1=14 ¥

.E]r]' =;'-|:;Ilr]:||r:| =3 'Ir

Thns, we can see that the invanants are the same as those evalnated previonsly.



Problem 7:
Solution:

Principal directions:

Each eipenvalue, A, is associated with a coresponding eipenvector, N''. We can nse the
equation (T, —I-.r'i__;]-r:l , =0, to obtain the prnecipal directions.

¢k, =1
31—, -1 0 Imy| [3-1 -1 o0 |n) [0

-1 3-3, 0 [n,[=]-1 3-1 0 |n,|=|0

0 0 1-%,l[n, 0 0 1-1fn,| [0

These become the following system of equations:

=My =Ny =
_I-II T ln! =I:|.-il I )
|¥{Ir|=| 0

nn, =n +n;+n; =1

Then we can conclnde that: A, =1 > n"=l0 0 1)



Problem 7:
Solution:

NOTE: This solotion conld have been directly determined by the specific feamzes of the T
matnx. As the teems T, =T,,=T,,=T,, =0 imply that T,, =1 15 already a pancipal valne,
then, consequently, the ongmal direction 15 a princspal direction. W

hy =2
3-%, -1 0 Jn,] [3-2 -1 0 Jn,] [0
13-4, 0 [n, 1 3-2 0 [n,[=]0
0 0 1-hllms|l [0 0 1-20ns| lof

—n,+n, =0
— Ny ={|

The first toro eqnations are hnearly dependent, after which we need an additional equation:

—

T ¥ ].
nn,=n; +n; +n; =1=2n{ =1=>n, =% I~

Thmns:



Problem 7:

Solution:
by =4
I—hs —1 0 M, i—-4 -1 0 'nl
-1 3 -4, L n, |=| =1 3-4 0 N,
0 0 l—d, |y 0 0 1 4_r|3
-n, =n, =0
» :I-I'I-l——l"l1
{=n, =n, =0|
=3n, =
2 3 ? 3 IT
nn,=n; +n; +n; =1=2n; =1 :-n1=l1|?
|
Then-

e |- [ 1
1 Lap — i
hy=4 = —{“.ﬁ V2 °

Afterwards, we summarize the eigenvalues and eigenvectors of T :




Problem 7:

Solution:
Ay =1 = " =l 0 %1
n il
i
- n 1 |
_ I'.'-'I _ : | _
hy=4 = N = 1I|1 |,|'|2 ﬂ‘

INOTE: The tensor components of this problem are the same as those nsed m Problem 1.62.
Additionally, we can venfy that the eipenvectors make np the transformaton matox, A4,
between the onmnal system, f:rl,.t!,.t_,:}, and the poncipal space, {I{:IE:I:_), (zee Problem

1.62). m



Problem 8:

Girven a I:u::djr n Equi]ibrium i which the Cauchjr stress tensor field is repreaented I:r_r its
components:

3 2 2
3
511 :12T1 +60 . 513 :Iz
3 3 2
533 — 18T2 + 6.1':3 . 53]_ :.'('1

Obtain the body force vector (per unit volume) at the point (x; =2:x, =4:x;, =2 ).



Problem 8:
Solution:

The equiibrmm equations:

V.-ag+sb=0
da,,  da, do, _day,,  da,  dag
+ 2% 9% o =0 phy =—Sou 2
=
der,, -':ih:u d::r? _day,  day,  doy
y + + =0= — —
i, ", o 22 = dx, i, i
I'.';":r:ﬂ -':i'q:r-! | g, da,  daoy,  doy
: L 4 pby =0 =5 pby =— 2
e N I
',ub1 18x2 —0 -0 ! 18x
«pb, ==0-0-0 =  pb, 0

pb, ==2x, =1 13:::?

At the point x, =2;x, =4;x; =2 we obtan:

— 71
0
— 77

(Fowrce per umir volumre)

pb; =

2x, =1 131?




